We evaluate several quantities appearing in the effective lagrangian for the color-flavor locked phase of high density QCD using a formalism which exploits the approximate decoupling of fermions with energy negative with respect to the Fermi energy. The effective theory is essentially two-dimensional and exhibits a Fermi velocity superselection rule, similar to the one found in the Heavy Quark Effective Theory. Within the formalism we reproduce, using gradient expansion, the results for the effective parameters of the Nambu-Goldstone bosons. We also determine the dispersion laws for the gluons. By coupling the theory to fermions and integrating over the two-dimensional degrees of freedom we obtain the effective description of in-medium fermions.
Introduction
QCD at high density is expected to be in a chirality breaking color superconducting phase due to formation of quark Cooper pairs [1] , [2] . In QCD with three massless quarks one expects simultaneous breaking of color and flavor simmetries into a residual diagonal color-flavor locked symmetry (CFL). The physical description and consequences have been discussed by a number of authors [3, 4, 5, 6] . A formalism has been recently proposed [7] and [8] to deal with the color superconducting phase. It takes advantage of the approximate decoupling of the states of a massless fermion of energy distant with respect to the Fermi surface. We shall first summarize the main consequences of such a description, with emphasis on its implied velocity superselection rule, similar to that familiar in the Heavy Quark Effective Theory (HQET) [9] , and on its essentially two-dimensional features, due to the special relevance of momenta parallel to the Fermi velocity. We shall then calculate in this formalism the effective parameters of the goldstones, reobtaining results derived by other methods. Next we shall calculate the dispersion laws for the gluons. After having coupled the theory to fermions we obtain the effective description of in-medium fermions, by integrating over the two-dimensional degrees of freedom.
In section 2 we discuss the effective theory on the Fermi surface. In section 3 we write down the effective lagrangian for the fermions and the goldstones. In section 4 we perform the gradient expansion on the generating functional. We discuss the gluon polarization tensor in section 5. In section 6 we treat the effective description of in-medium fermions.
Effective theory on the Fermi surface
As discussed in the introduction, we will make use of the formalism developed in refs. [7, 8] to evaluate several quantities appearing in the effective lagrangian [4] describing the CFL phase of QCD at high density. This formulation is based on the observation that, at very high-density, the energy spectrum of a massless fermion is described by states |± with energies
where µ is the is the quark number chemical potential. For energies much lower than the Fermi energy µ, only the states |+ close to the Fermi surface.
i.e. with | p | ≈ µ, can be excited. On the contrary, the states |− have E − ≈ −2µ and therefore they decouple leaving in the physical spectrum only the states |+ and the gluons. This can be seen more formally by writing the four-momentum of the fermion as
where v µ = (0, v F ), with | v F | = 1. Since the hamiltonian for a massless Dirac fermion in a chemical potential µ is
one has
Then, it is convenient to introduce the projection operators
such that
In terms of fields, the momentum decomposition in eq. (2) and the projection of the states |± can be realized through
where v F is an average over the Fermi velocities, and the velocity-dependent fields ψ ± (x) are given by:
Introducing the four-vectors
it is easy to derive the following identities
where
Substituting into the Dirac part of the QCD lagrangian density one obtains
and D µ is the usual covariant derivative. We notice that the fields appearing in (12) are evaluated at the same Fermi velocity because off-diagonal terms are cancelled by the rapid oscillations of the exponential factor in the µ → ∞ limit. This behaviour is similar to that in the Heavy Quark Effective Theory [9] , and can be referred to, by analogy, as the Fermi velocity superselection rule.
At the leading order in 1/µ one has
showing the decoupling of ψ − in the µ → ∞ limit. Therefore, in this limit, the ψ − field plays no role, except in those loop diagrams, of the order of µ 3 instead of µ 2 , where the 1/µ factor in (13) is eaten by the extra µ factor from the momentum integration. We shall see an example in Section 5. The equation for ψ + shows also that only the energy and the momentum parallel to the Fermi velocity are relevant variables in the problem. We have an effective two-dimensional theory.
In conclusion at the next to leading order in µ we have
Further terms in the 1/µ expansion can be found in [7] . The previous remarks apply to any theory describing massless fermions at high density. In the case of CFL phase of QCD, in order to implement correctly the symmetry properties, one has to consider left-and right-handed fermions transforming respectively as the (3, 1, 3) and (1, 3, 3) representations of SU(3) L ⊗ SU(3) R ⊗ SU(3) c . Therefore we will consider for each leftand right-handed field an effective two-dimensional theory as outlined above. The next step will be to couple this theory in a SU(3) L ⊗ SU(3) R ⊗ SU(3) c invariant way to Nambu-Goldstone bosons (NGB) describing the appropriate breaking
for the CFL phase. Using a gradient expansion we will get an explicit expression for the decay coupling constant of the Nambu-Goldstone boson as well as for its velocity, whose value v = 1/ √ 3 is interpreted as a consequence of the average over the Fermi velocities. These quantities have been obtained previously by different methods [6] . By the same formalism we will determine the dispersion law for the gluons in the µ → ∞ limit. Finally we will couple the theory to external fermions. Integrating out the two-dimensional degrees of freedom we will get an effective theory describing NGB's and the in-medium fermions.
Couplings to the Goldstone fields
Let us recall the effective description of the CFL phase given in ref. [4] . The symmetry breaking is induced by the condensates
where ψ
L(R) ai
are Weyl spinors and a sum over spinor indices is understood. The indices a, b and i, j refer to SU(3) c and SU(3) L (or SU(3) R ) respectively. One then introduces SU(3) matrix-valued fields X and Y transforming under the symmetry group SU(3) c ⊗ SU(3) L ⊗ SU(3) R as left-handed and righthanded fermions respectively. That is
Using the gauge freedom associated to SU(3) c it is possible to choose a gauge such that X = Y † . The condensates of eq. (16) break also U(1) V ⊗ U(1) A and as a consequence one also needs to introduce the related Goldstone fields. However we will not discuss these fields in this paper since all the calculations presented here are trivially extended to them [6] .
The invariant coupling between fermions and Goldstone fields reproducing the symmetry breaking pattern of eq. (16) is proportional to
and analogous relations for the right-handed fields. Here the spinors are meant to be Dirac spinors and C = iγ 2 γ 0 is the charge-conjugation matrix. The trace is operating over the group indices of the spinors and of the Goldstone fields. Since the vacuum expectation value of the Goldstone fields is X = Y = 1, we see that this coupling induces the correct breaking of the symmetry. In the following we will consider only the case γ 2 = −γ 1 ∝ ∆/2, where ∆ is the gap parameter. This choice corresponds to a condensate behaviour as the (3, 3) representation of SU (3) c ⊗ SU(3) L,R . This situations seems the one which is favorite by the dynamical analysis made in ref. [2] . Again, the calculations presented here can be easily extended to the more general situation where the condensate behaves as (3, 3) ⊕ (6, 6). By our choice here the condensate has the form
and the invariant coupling of eq. (18) can be written as
where, now, also ψ is considered as a 3×3 matrix and the matrix ǫ I is defined as
Notice that for any SU(3) matrix g one has the identity
Then it is easy to show that our expression for the coupling is equivalent to the one used by the authors of ref.
Since the transformation properties under the symmetry group of the fields at fixed Fermi velocity, as introduced in the previous section, do not differ from those of the quark fields, for both left-handed and right-handed fields we get the effective lagrangian density
where we have introduced the fields
and λ a (a = 1, ..., 8) are the Gell-Mann matrices normalized as follows: T r(λ a λ b ) = 2δ ab and λ 9 = 2/3 1. Furthermore ∆ 1 = · · · = ∆ 8 = ∆ and ∆ 9 = −2∆ and X 1 = X − 1. Notice that the NGB fields couple to fermionic fields with opposite Fermi velocities. In this expression, as in the following ones, the field ψ − is defined as ψ + with v F → − v F , and therefore it is not the same as the one defined in (8) . In the previous lagrangian we have also separated the free quadratic terms in the fermionic fields. These terms can be rewritten in a more compact way by introducing the following fields
It is important to realize that the fields χ and χ † are not independent variables. In fact, since we integrate over all the Fermi surface, the fields ψ * − and ψ + , appearing in χ, appear also in χ † when v F → − v F . In order to avoid this problem we can integrate over half of the Fermi surface, or, taking into account the invariance under v F → − v F , we can simply integrate over all the sphere with a weight 1/8π instead of 1/4π:
Then the first three terms in the lagrangian density (24) become
so that, in momentum space the free fermion propagator is
From eq. (28) we can read also the fermionic current which is given by
and the symbols d abc , f abc are defined, as usual, by
Moreover, expanding the NGB fields
we get, considering terms up to the second order in the Goldstone fields:
Using these expressions, the trilinear coupling of the NGB's to the fermions arising from the last term in (24) can be written as
The quadrilinear coupling of two Goldstone bosons to two fermions is
Gradient expansion
We will treat the Goldstone bosons as external fields and we will perform a derivative expansion of the generating functional. This will give rise to the effective action for the NGB's. At the lowest order the relevant diagrams with two external NGB lines are the ones in Fig. 1 . As previously discussed, since the fermions live effectively near the Fermi surface, the four-dimensional momentum integration can be reduced to a two-dimensional one according to the formula
where d 2 ℓ = dℓ 0 dℓ ; notice that effectively the integration limits are (−µ, +µ). In the Feynman rules one has also to take into account a factor 2 coming from the contribution of left-handed and right-handed fermions.
The tadpole diagram contributes only to the mass term and it is essential to cancel the external momentum independent term arising from the other diagram. Therefore, as expected, the mass of the NGB's is zero. The contribution at the second order in the momentum expansion is given by
Integrating over the velocities and going back to the coordinate space we get
We can now determine the decay coupling constant F through the requirement of getting the canonical normalization for the kinetic term; this implies, non nova sed nove,
a result already obtained by other authors with a different method.
In this formalism the origin of the goldstone velocity 1/ √ 3 is a direct consequence of the integration over the Fermi velocity. Therefore it is completely general and applies to all the NGB's in the theory, including the ones associated to the breaking of U(1) V and U(1) A ; needless to say, higher order terms in the expansion 1/µ could change this result.
The breaking of the Lorentz invariance, exhibited by the pion velocity being different from one, can be seen also in the matrix element 0|J after the integration over the Fermi velocity is
where we have made use of the previous result for F . It is interesting to notice that the current is conserved, as the dispersion law for the NGB's has the form p ·p = p 2 0 − 1/3| p | 2 = 0.
Dispersion law for the gluons
The dispersion law for the gluons can be derived by considering the polarization tensor Π µν (p). Its one-loop contribution is obtained by computing diagrams analogous to the ones in Fig. 1 (with (30)). The result of the first diagram (Fig.1 a) is:
and
(46) In the previous formulas we have included terms up to the second order in momenta. The coefficients are given by
To this result one should add the contribution arising from the tadpole diagram of Fig. 1b (with, also in this case, external lines representing fermionic currents J a µ , J b ν ). This diagram arises from the last term in (14). It can be computed by performing first the integration over the energy ℓ 0 and subsequently over the longitudinal momentum ℓ [6] . This integration introduces an extra factor µ besides the µ 2 factor arising from the integration over the Fermi surface. The result is independent on the external momentum p and is given by:
From Π µν ab (0) + ∆Π µν ab (0) we can read the one-loop contributions to the Debye and Meissner mass
where the first two terms are the result of the diagram of Fig.1a and the last one is the result of the diagram of Fig. 1b (this contribution is called the bare Meissner mass in [6] ). These results agree with the findings of other authors [6] , [10] . In particular m , in the p → 0 limit. In this kinematical regime it should be dominated by the massless NGB pole and it should be proportional to 0|J a µ |Π b = iF δ abpµ . In the p → 0 limit we find indeed
For this behaviour to be found it is essential to include both diagrams of Fig.1 . In order to derive the dispersion law for the gluons, we first write the equations of motion for the gluon field A b µ in momentum space and highdensity limit:
from which we obtain
i.e. for all the gluons:
where the ellipsis denotes terms of the third order in the gluon momenta that, consistently with our approximation, we neglect. Substituting this result in (56) taken for ν = 0 one gets the dispersion law for the time-like gluons A b 0 in the form
with
From this equation one can derive the time-like gluon effective mass m * defined by:
by taking the limit for p → 0 of m
One obtains
To get the dispersion law for A a we consider (56) for ν = i and use again (58). We introduce longitudinal and transverse components:
and we project the equations of motion along the longitudinal and transverse direction. The result is
where we have made an expansion for low momenta and small coupling constant. By re-expressing Φ in terms of Ψ and performing the integration over the Fermi velocity we get
Conclusions
After a presentation of the basic points of the formalism, we have discussed the couplings of the goldstones and their effective lagrangian. We have written down explicitly the needed trilinear couplings of the goldstones to the fermions and the quadrilinear couplings of two goldstones to two fermions.
To explicitly obtain the parameters of the effective action for the goldstones we have performed a derivative expansion of the generating functional. In this way we obtain the known results at one loop order. The value of the velocity of the goldstones appears explicitly as following from the integration over the Fermi velocity. We have then discussed the gluon polarization tensor. At the one loop order the formalism reproduces the correct values for the Debye and Meissner masses. The dispersion laws for both scalar and vector gluons follow from the gluon field equations of motion in the limit of high density. A main development has been the derivation of the effective description for in-medium fermions. We have introduced fermion external fields, both left-and right-handed, to be coupled to the dynamical fermion fields. After integrating over the dynamical fermions we have obtained an effective action and the fermionic dispersion relation in terms of the gap parameter. This provides for a value of the in-medium fermion mass and shows again the role played by the integration over the Fermi velocity. The theory of color-flavor locking, as developed and studied by many authors, has undoubtedly an intrinsic beauty and the high density fermionic formalism used here provides for a simple and appealing description. It remains to be seen to which physical situations of matter under extreme conditions the theory can usefully be applied, most probably by including additional perturbations.
